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1 Introduction

The main result in this essay is most easily understood in terms of colourings
of finite objects, so consider the following example. How many ways can one
colour the beads in the following arrangement using two colours, say blue
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Figure 1: String of four beads we wish to colour.
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Figure 2: The ‘same’ colouring?

and brown?

Since each bead is coloured independently in one of two ways, the total
number of possible colourings is 2%, applying the so-called product rule for
counting. In particular, there (i) colourings with exactly k£ blue beads,
where (i) denotes a binomial coefficient. These subsets partition the set of
all colourings, which yields the following identity
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an instance of a double—counting argument.

1.1 Generating Functions. The same identity, however, can be derived
algebraically by applying the binomial theorem

4
7;) <i> " = (1+az)! (1.1)

and substituting x = 1. The sum Zizo (i)x" is known as a generating

function for the sequence ((i))izl. Generating functions — essentially poly-
nomials or formal power series — are a powerful tool in enumerative combi-
natorics, as they allow us to apply methods of algebra and complex analysis
(when they converge) to enumeration (i.e., counting). For example, they



may allow one to derive an explicit formula for their sequence: applying the
formal differential operator (d/dx)* to both sides of (1.1) and substituting
x = 0 gives k!(ﬁ) = 41/(4 — k)!, rediscovering the well-known formula for
binomial coefficients.

Even when one cannot find a pleasant explicit formula for a sequence,
their generating functions may allow us to find their asymptotic distribu-
tion (like in the Prime Number Theorem or the Hardy-Ramanujan partition
function asymptotics) and other deeper properties (see [15, p. 2| and [4,
Section VIILG6.]).

That said, we still seek combinatorial proofs — those involving double
counting or bijections — as they are more explanatory. Although generating
functions proofs are not combinatorial, they can often suggest the equiva-
lence of two sets in a way that leads to a combinatorial understanding, as we
shall see in some examples. After all, if two sets have the same cardinality,
we should be able to construct a bijection between them.

1.2 The General Setup. Now suppose we can rotate the beads string in
Figure 1 by 180°. Then two colourings that differ only by a 180° rotation
(as shown in Figure 2, for example) are considered equivalent. How many
colourings are there up to 180° rotation? In our original count, the colourings
that are not fixed by 180° are double-counted while those that are fixed by
180° are counted once. The colourings that are fixed by 180° rotation are
exactly those where the first and last beads are the same colour as well as
the second and third beads, so they are uniquely determined by our choice
of the first two colours, which yields 22 such colourings. Therefore, the total
number of colourings up to a 180° rotation is given by

#{colourings | fixed by 180° rotation}

1
+ 5#{colourings | not fixed by 180° rotation}

Since the fixed and non-fixed colourings together account for all colourings,
this expression can be rewritten as

1
5 (#{colourings | fixed by 180° rotation} 4+ #{colourings}) (1.2)

= 1( 24 9h =10.
2
We can continue applying (1.2) to find that there are exactly 1,2, and 4
inequivalent colourings using 0, 1, and 2 blue beads respectively. Moreover,
the number of inequivalent colourings using k blue beads is the same as
the number of colourings using 4 — k& blue beads, since there is a natural
bijection between the sets counted: swapping the colours blue and brown.
We summarise these counts with the following bivariate generating function,



where the coefficient of c¢fc} is the number of inequivalent colourings with &
blue beads and [ brown beads

ct 426 co + 433 + 2¢163 + ¢5. (1.3)

More generally, throughout this essay, we will have have: a finite set D,
which we think of as the object we wish to colour; an at most countable set
C = {c1,c,...}, which we think of as our palette of colours; and a group
G of permutations of D. A function f: D — C then represents a colouring
of D; hence our choice of letters — D for domain and C' for codomain. Since
the product rule asserts that #{f : C — D} = (#C)*P, we use CP to
denote! {f : D — C}, the set of all functions from D to C. Two colourings
f1, f2 € CP are what Stanley [13] calls G-equivalent if f; can be factored
(need not be unique) as f2 o g for some g € G.

In our string-of-four-beads example, if we label the beads in Figure 1
with 1 through 4 from left to right then D = {1,2,3,4} and C' = {c1,c2}
where ¢; and ¢y represent blue and brown respectively. Our permutation
group is the group generated by the permutation 7 = (1,4)(2,3) which
represents 180° rotation:

G ={MD2)B)4), (1,4)(2,3)}. (1.4)

The colourings on the left and right of Figure 2 are represented by the
functions f1, f» € CP defined by

fl : {17273} = C1, 4’_>027
f2 : {4,2,3} —c1, 1 co.

Hence, these colourings are equivalent because f; = f3 o .

It takes a routine check to verify that G—equivalence satisfies the con-
ditions of reflexivity, symmetry and transitivity and is thus an equivalence
relation. However, more conceptually, this follows from the fact that G-
equivalence corresponds to membership in the same orbit under the com-
position action of G on CP. Composition indeed defines a right group
action as it satisfies the identity and compatibility axioms: foldp = f and
(fogi)oga= fol(gioga) for allfGCD and g1,90 € G.

Our motivation is to be able to answer the same questions as before. How
many inequivalent colourings are there? How many inequivalent colourings
use each colour a specified number of times? In particular, regarding the c;
as indeterminates (formal variables), we seek a formula — reminiscent of the

!The reader should be familiar with the use of this notation for the Cartesian power
A"™ which can be identified as the set of all functions f: {1,2,...,n} — A.



binomial theorem in (1.1) — for the multivariate generating function of the
numbers of inequivalent colourings:

Z #(Sil,iz,m/G)C?Céz o (1.5)

i1tizt=n

where S;, 4,,... C CP is the the subset of colourings where the colour ¢; is
used i; times and S;, ;, /G denotes the orbit space in S;, 4, .. under the
composition action of G so that #(S;, 4,,../G) is the number of inequivalent
colourings where colour ¢; is used 7; times.

The main goal of this essay is to present a modern exposition of Pélya’s
enumeration theorem, which provides a closed formula for this generating
function. In his original paper [8], Pélya explored applications of his formula
to enumerating non—isomorphic graphs, trees, chemical compounds and their
asymptotic analysis — none of which are covered here. Many, many more
miscellaneous applications were discussed by Read in his English transla-
tion of Pdlya’s paper [9, p. 134]. Nonetheless, the author considers several
elementary examples that aid understanding of Pélya’s formula and its far-
reaching applications.

2 Burnside’s Lemma

“The content of the orbit-stabilizer theorem is basically that if a
group G acts on a set X, then once you know how many ways
there are of sending an element x of X to itself, you also know
how many ways there are of sending it to any other element in its
orbit.”

— Tim Gowers [5]

In this section, we generalise our setup by considering a finite abstract
group G, which need not be a group of permutations, acting on a finite set
X, which need not be a set of functions. As in (1.2), we’ll see that we can
always reduce enumerating the set of orbits X/G to enumerating X9, the
subset of X fixed by g, for each g € G.

A fixed point is a pair (g, z) such that g x z = . Counting such pairs
“vertically”, then “horizontally”, yields the following

> #Stabg(x) = > #XY, (1.1)

reX geqG

where Stabg(x) denotes the stabilizer of x, the subset of G that fixes z,
x € X. For an orbit O € X/G, the orbit-stabilizer theorem asserts that
Y wco #Stabg(x) = #G (or equivalently, #Stabg(z) - #0 = #G, for any
x € O, since the #Stabg(z) are the same) which follows from the existence
of a natural bijection between O and G/Stabg(z), for any x € O.



Furthermore, we can rewrite the left-hand side of (1.1) as
2_0ex/G 2zeo #Stabg (), since X/G forms a partition X, which imme-
diately gives the following result known popularly as Burnside’s lemma, or
the Cauchy-Frobenius lemma.

2.1 Lemma. Let G be a finite group acting on a finite set X and let X/G
denote the set of orbits in X under this action. Then

#(X/G) = #1(; 34X, (1.2)

geG

where X9 = {z € X | g xx = z}, the subset of X fixed by g. That is, the
number of orbits is the average number of fixed points over the elements of
G2

Burnside stated and proved Lemma 2.1 in [2, Sects. 118-119], but it
was first stated and proved by Frobenius, who, in turn, credited Cauchy
with proving the lemma in the special case of a transitive group action (i.e.,
a single orbit). As a result, many authors now refer to this result as the
Cauchy-Frobenius lemma instead. See [7] for a more detailed historical
account.

2.2 Example. How many subsets of [2025] = {1,2,...,2025} have the
property that their sum, i.e. the sum of their elements, is divisible by 57

Titu and Zuming [1, p. 58] show that the answer is £(22925 4 4 . 2105)
using a generating function proof that can be summarised as follows. Let
an be the coefficient of " in the expansion of following polynomial

flz)=Q4z)Q+2%) - (1 +229%).

Then a, counts the number of subsets of [2025] that sum to n since there
is a bijection between subsets of [2025] and monomials appearing in the
expansion of f(z), where a subset S = {si,s2,...,8;} corresponds to the
monomial z%1 252 - .. 7% = gS1T52T TSk Hence, we are looking for the sum
of coefficients ag + a5 + a19 + - - - which can be found using a ‘root of unity
filter’. Let ¢ = exp(2mi/5) be a 5th root of unity. Then (> = 1 and
1+¢+¢2 4¢3+ ¢* = 0 which yield ag+ a5 +aio+- -+ = £ 7o f(¢7). This
proves our claim (see the reference for details).

However, the given formula suggests an alternative approach involving
Burnside’s lemma. We now present a double—counting argument that con-
siders the orbits in 229251 the set of subsets of [2025], under the action of
a suitable group of order 5.

2The number of fixed points for g € G is exactly the trace of its linear permutation rep-
resentation, an example of a character [14]. Such averaging arguments appear frequently
in character theory.



Consider the following permutation of [2025]
m=(1,2,3,4,5)(6,7,8,9,10) - - - (2020, 2021, 2022, 2023, 2024, 2025).

Let (7) = {Id, 7, 7%, 73, 7%} be the group generated by m. Naturally, ()
acts on 2[20%] by applying 7 to each element of a subset S:
7% S = {n(s) | s € S}, S € 2[20%] For example, the orbit of {1} un-
der this action is given by { {1},{2},{3},{4},{5} }.

Observe that S is fixed by 7 if and only if it is a union of disjoint cycles
in 7. Indeed, by the definition of our group action, S is fixed by 7 if and only
if m(s) € S, for all s € S. This condition holds precisely when S consists of
entire cycles of 7. Since 7 has 405 cycles, #(2[[2025]])7r = 2405,

Moreover, if 7(S) = S, then applying 7 repeatedly yields 7%(S) = S for
all 1 < k < 4. Conversely, suppose 7¢(S) = S. Since 5 is prime, each k
in this range is a unit modulo 5, meaning there exists [ such that kl = 1
mod 5. Performing [ iterations of 7% on S yields 7*/(S) = S which simplifies
to m(S) = S. This proves that (21202517 — (g[2025]y=* — (9[2025]ym* _
(21202517 Neanwhile, (2[20251)1d — 9[2025] gince every subset of [2025] is
fixed by the identity permutation.

Now, a subset S € (220%91)7 is the only element of its orbit. Also, the
sum of §' is divisible by 5 since S consists of entire cycles of 7. On the other
hand, if S ¢ (20292°))7 then its orbit contains five distinct subsets. Observe
that > .. .¢8 = #S + > g5 mod 5, since 7 increases each element of
[2025] by 1 mod 5. Consequently, the residue classes of the sums of the
subsets in the orbit of S depend on #S mod 5. We distinguish two cases:

o If #5 # 0 mod 5, then exactly one of the five subsets in the orbit
of S will have a sum that is divisible by 5, since their sums must be
distinct modulo 5.

e If #5 =0 mod 5, then all five subsets in the orbit of S have the same
sum modulo 5. Moreover, the sums of these subsets are uniformly
distributed across all five residue classes modulo 5. To show this, we
demonstrate that we can permute S to reach a subset with a sum in
each residue class.

Since S is not fixed by m, there exists at least one cycle in 7 that is
only partially contained in S. Let p = (i,i+1,i+2,i+3,i+4) be the
smallest such cycle, meaning p is chosen so that ¢ is minimal among all
such cycles. Then applying p to the elements of S increases its sum by
#{i,i+1,i4+2,i+3,i+4}NS) #0 mod 5. Crucially, we will choose
the same p for the image of S since it contains the same cycles as S.
Since #({i,i+1,i+2,i+3,i+4}NS) Z 0 mod 5 is fixed, we generate
subsets with distinct sums modulo 5. For example {2,3,4,5,6} +—



{3,4,5,1,6} — {4,5,1,2,6} — {5,1,2,3,6} — {1,2,3,4,6} where we
apply p = (1,2,3,4,5) at each stage.

Like this, we see that the number of subsets of [2025] whose sum is
divisible by 5 is the same as the number of orbits in 220251 /(7). Burnside’s
lemma yields

#(2[2025]]/<7T>) —_ é(22025 +4. 2405)’

as expected. But more importantly, we have gained a much deeper combi-
natorial understanding that would help investigate closely related problems.
For example, we can now immediately determine the number of subset sums
in each residue class modulo 5.

3 Cycle Indicators

We are now ready to derive the main result of this essay.

Lemma 2.1 yields #(Si, 4,.../G) = # > ogec #5574y Tt follows imme-
diately that

i i 1 i i
Z #(Sisiz,../G)er ey - = #G Z Z #S’igl,i2,... ey (3)

i1i2,... 9€G i1 ,i2,...

Pélya’s key insight is that the colourings that are fixed by g € G are
uniquely determined by assigning independently? a colour to each cycle in
g and that this can be expressed as follows:

3.1 Lemma. For g € G, let D1, Do, ..., D; be a partition of D such that
each part is cyclically permuted by g. Then

k
H(cf +cdPip = > #SE i (3.2)

i=1 i1,i2,m

Proof. There is a bijection between the colourings f € (C?)9 and the mono-
mials appearing in the expansion of the left-hand side, where the colouring
f corresponds to the monomial f(Dq)#Pt f(Dg)#P2... f(Dy)#Pr. There-
fore, the coefficient of c’f c’; .-+ in the expansion counts the number of fixed
colourings in which the colour ¢; appears exactly 7; times, which equals

g .
#Sihi%“, as required. ]

3When colour choices are not independent — say, when no two adjacent beads may
share the same colour — Pélya’s theorem no longer applies. However, Burnside’s lemma
remains available.



Moreover, we know that the disjoint cycle decomposition of g € G is
unique up to the length of cycles. Let n = #D and (r1,79,...,r,) denote
the cycle type of g meaning that g contains r; cycles of length i (hence
> rii =n). Then that we may rewrite the right-hand side of (3.2) as

(c1teat+- ) (G+cg+ ) (T ++...)m

We define the cycle indicator of g as the monomial Z,(z1,22,...,2,) =

z1 252 -+ -zl so that the above expression becomes

Zg(61+62+,C%+C%+,,C?+C§+)

The cycle indicator (or the cycle index polynomial) of G is then defined as
the average of these monomials over the elements of G:

1
Zg(zl, 29y e 7Zn) = % Z Zg<217 22y .. ,Zn)
geG

(#G- Zg is called the augmented cycle indicator of G) so that (3.1) becomes

> #lSinin JCICE e = Za(ertorte - crdie e ).
01,02,
This is the statement of Pélya’s theorem.
3.2 Theorem (Pdlya’s Theorem). Let D be an n-element set, C' = {c1, ca, . ..
an at most countable set of independent indeterminates, and G < Sym(D)

acting on cP by composition. For natural numbers iy,12, ..., let S, i, ..
denote the subset of functions in CP where cj is used i; times. Then

Yo # (S JO)E = Za(z ) (33)
i1 iz te=n
where z; = ¢t + ¢4 + - -+ are the power sums of the elements of C' and Zg is

the cycle indicator of G.

Proof. Follows from equation (3.1) and Lemma 3.1. O
For example, the cycle indicator of the permutation group in (1.4) from
our string-of-four-beads example is given by Zg = %(zf + 23) and

Zaler +co,ct+c5,.) = = [(a1 + c)t + (¢ + 3)?]

N =N =

(2¢] + 4c3co + 8cics + 4eics + 2¢3)

= ¢} + 23 ey + 4¢3 + 2¢165 4 ¢



rediscovering the expression in (1.3).

It is worth mentioning that Theorem 3.2 was first discovered by Redfield
[10], who referred to the cycle indicator Zg as the group reduction function,
denoted Grf(G). Pdlya later independently discovered the result and greatly
popularised it with his many applications. Read [9, p. 118] provides an
interesting account.

To conclude this section, we consider the cycle indicators of various per-
mutation groups and some enumerative applications.

3.3 Cyclic Groups. For a fixed positive integer n, let C), be the group gen-
erated by the permutation r = (1,2,...,n) of [n]. If we think of 1,2,...,n
as the labels of n (uncoloured) beads arranged equidistantly on a circle, then
r represents 27 /n rotation, a symmetry of this figure. Thus, the orbits in
[x] ] /Cy, are known as the k-ary necklaces of length n — that is, two such
circular arrangements of beads, each coloured using one of k colours, repre-
sent the same necklace if they are rotations of each other. The number of
k-ary necklaces of length n is denoted Ni(n) (OEIS A054631). For example,
N3(4) = 6 as shown in Figure 3. Pdlya’s theorem lends itself to computing
Ni(n) in general.

Figure 3: The six binary necklaces of length 4.

To determine the cycle indicators of the powers ™, for 1 < m < n, we
start with any element i € [n] and repeatedly apply ™ until we return to
i. The number of applications before the first return to ¢ is the smallest
positive integer a such that ¢ + am = ¢ mod n, which simplifies to am =0

mod n. Thus a = n/ged(m,n), and 7 is made up of ged(m,n) cycles of
length a = n/ ged(m,n), meaning its cycle indicator is zic/i(ggigm.

To gain a more concise expression for Zc,, we count the number of
solutions to d = ged(m,n), 1 < m < n, for a fixed divisor d | n. This
is equivalent to ged(m/d,n/d) = 1, 1 < m/d < n/d, which has ¢(n/d)
solutions by the definition of Euler’s totient function. Hence, the cycle
indicator of Z¢, is given by

1 1 n
Ze (o122, z) = 3 o(n/d)zg = — 3" p(d)z"
dn din


https://oeis.org/A054631

Pélya’s theorem (substituting ¢; = 1 in (3.3)) gives

Ni(n) = Zo, (k k. ... k) = % > pn/d)k.
dn

For example, once again,

1
N2(4):1(2‘21+1-22+1.24)=6.

3.4 Dihedral Groups. What if we allow both reflections and rotations of
the necklace? The relevant group becomes the dihedral group Ds,, which
consists of all symmetries of a regular n-gon. This is the group generated by:
r, a rotation by 27 /n, as before; and s, a reflection across a line of symmetry
of the n-gon. The inequivalent colourings are now called the k-ary bracelets
of length n and their number is denoted By (n) (OEIS A000029).

The rotations r™ have the same cycle indicators as earlier, while the
reflections r"™s behave differently depending on whether n is even or odd:

e If n is odd, each reflection fixes one vertex and swaps the remaining

(n —1)/2 pairs, so its cycle indicator is given by zlzénfl)ﬂ.

e If n is even, then half of the reflections swap n/2 pairs, giving a cycle

/

% The other half fixes two opposite vertices and swaps
%Zgn—2)/2‘

. . n
indicator of z,

the remaining (n — 2)/2 pairs, giving a cycle indicator of z

These yield that the cycle indicator of Dy, is given by

Zow ( ) = nmzén_l)ﬂ + 2 dpn cp(d)zz/d> , if n is odd,
Do, \R1,22, .+ .,Rn) = _
2 ! ﬁ %Z%,Zén 2/2 %Z;/z + de @(d)zg/d) , if n is even.

Finally, Pélya’s theorem yields that Bi(n) = Zp,,, (k,k, ..., k).

3.5 Symmetric Groups. Let &, denote the symmetric group of degree n,
consisting of all permutations of the set [n].* In this subsection, rather than
using Zg, to obtain the generating function of the numbers of inequivalent
colourings, we will do the reverse.

3.5.1 Theorem. We have

x? 23
ZZGn(zl,zg, sy 2Zp)x" = exp <mz1 + 5 + 5 %3 + . ) ) (3.4)
n>0

“For clarity, the symbol & denotes a calligraphic S.

10


https://oeis.org/A000029

Proof. Since &,, acts transitively on each S;, ;, . (that is, if two colourings of
[n] use each colour the same number of times, then clearly some permutation
of [n] sends one colouring to the other), it follows that #(S;, 4,.../Gpn) =1
meaning that the generating function of the numbers of inequivalent colour-
ings is given by

Y H(Sinn [Ga)idz = Y A (35)
i1+ig+=n t1+i2t+=n
Observe that

i1 12 n 1
Z( Z clcz...>x :(1—01:1:)(1—02:17)--- (3.6)

n>0 \iytig+=n

since the right-hand side expression equals [] o col+cjr+ C?;LQ +.--)and
the coefficient of x™ in its expansion is the sum of all monomials of degree
n. Moreover, by Pélya’s theorem, we can rewrite (3.6) as

1
Zs, (21,22, ..y 2p)2" = .
7; 6"( n ”) (1_61(17)(1—02;1;)... ( )

where z; = > ¢;eC Cj Are POWer SuIs.

To express the right-hand side in terms of the power sums, we take its
logarithm, which transforms the product to a sum. Using the identities
2 3
[[aj =exp(}_Ina;) and In(1/(1 — x)) = x + 5 + % +---, the right-hand
side of (3.7) becomes

1 G
IR POPTEE Spa
CjEC (1 C].f) CjEC 2
2
x
=exp(zz + 322 +-0)
which completes the proof.? O

Furthermore, by noting that
22 a3 x? a3
exp | xz1+ =20+ —23+... | =exp(rz1)-exp | —=22 | -exp | =23 ) -
2 3 2 3
xizt 2zl 23zt
=25 2% ) |25

i>0 i>0 i>0

®More conceptually, Theorem 3.5.1 can be seen as a consequence of the exponential
formula [11, p. 19].

11



and comparing the coefficients of " in (3.4), we derive that the coefficient
of 21'22 -+ 2zt in nlZg, (21, ..., 2,) (i.e. the number of permutations in &,,
with cycle type (i1,72,...,1,) where iy + 2iy + -+ 4+ ni,, = n) is equal to
n!/11§112%24,! ... pinj,| — giving a more explicit formula for the cycle indica-

tor of

11 42

Z Z .. .Zi’n
— 172 n
Zen (21,22, ) = o Z o dyligle gyl 1202 i
114+2i2++nin=n

This fact has, of course, a more direct combinatorial proof (see [12, p. 30]).

3.5.2 Example (Derangements). There are many interesting applications
of Theorem 3.5.1 relating to counting permutations of a given cycle type.
Consider the following example.

Let d,, be the number of derangements of n elements which is the number
of permutations of n elements with no fixed points or the number of permu-
tations in &,, with zero cycles of length 1 (OEIS A000166). For example,
ds2/52! is the probability that no card is fixed when one shuffles a standard
deck of cards, assuming each permutation is equally likely.

Since we have
dn = n!ZGn(zl = l;zi = O;i 7é 1),

Theorem 3.5.1 gives

dn z? 23
Zﬁx :exp<2—|—3—|—...>:exp(—ln(1—x)—:13)

n>0

1=0

e " 2 (—x) Sl
_ - J
T 1—x Z 4! Z:c
§=0
Comparing the coeflicients of 2™ gives

" (=1)¢ !
dn:n!z( ‘> N%. (3.8)
i=0 ’

i
Also, we immediately derive the following recurrence relations

dp =ndp—1+ (—1)"

dy, = (n — 1)(dn,1 + dnfg).
The standard combinatorial proof of (3.8) uses the inclusion-exclusion prin-
ciple. However, the value of this generating function approach is not that

it simplifies this particular problem, but that it scales effortlessly to more
complex ones (for example, how many permutations of n elements have

12
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three 2-cycles and two 3-cycles). Moreover, generating functions offer a con-
venient way for computing the expectation and variance of various random
permutation statistics and can be made even more convenient with the use of
computer algebra. These techniques are used in the analysis of randomised
algorithms.

4 De Bruijn’s Generalisation

In this section, we generalise our setup by supposing we have not only a finite
group G of permutations of D but another finite group H of permutations
of C. We say that two colourings fi, f» € CP are equivalent if there exist
g1 € G and hy € H such that

f1="nh(f2(g(d))), forallde D.

The quotient space of this equivalence relation can be seen equally as the
orbit space of CP under the following right action of G x H

fx(g,h)=h"tofog, (9,h)eGxH, feCP.

Burnside’s lemma tells us that the number of orbits equals the average num-
ber of fixed functions over each (g, h) € G x H. Once again, we’ll see that the
cycle structures of g and h directly influence the number of fixed colourings.

4.1 Lemma. The number of orbits is given by

#1H S Za(pr (), pa(h), ..., (4.1)

heH

where pi(h) = 3_;;¢j(h), and ¢;(h) denotes the number of cycles in h of
length j.

The key idea in de Bruijn’s proof [3, Sect 5.12] is that when a given pair
(g,h) is applied, the fixed functions f € CP are exactly those for which the
colour assigned to each cycle in g is chosen from a compatible cycle in h —
that is, for a cycle of length i in g, its colour must be fixed by A’ which is
true if and only if it lies in a cycle of h whose length divides ¢. This condition
forces the total number of fixed colourings to factor as a product over lengths
i of the cycles in g, with each factor equal to p;(h) = 3_;; ¢;(h), where ¢;(h)
is the number of cycles of length j in h. Averaging over (g,h) € G x H, as
prescribed by Burnside’s lemma, gives the stated formula.

Furthermore, de Bruijn observes that (4.1) can be interpreted in terms
of derivatives.

13



4.2 Theorem. The number of orbits is given by

Ze: 0 0 0 ) Zy (ezl+22+23+“‘, e2(zz+Z4+26+“' )’ 63(Z3+ZG+29+'" ), .. ) ,
82’1 822 8Z3

evaluated at z1 = z9 = 23 =--- = 0.

The key idea in its proof is that a power a’ can be seen as the bth
derivative of €% evaluated at z = 0. The stated formula can then be seen

as the result of routine algebraic manipulations (see reference for details).

For example [13, Exercise 10], let n be the number of two-coloured neck-
laces of four beads, where we may also interchange the two colours to get an

equivalent colouring. Thus Zg = 3 (zl + 22 + 224) and Zg = % (z% + ,22).
Hence
1 o 0? 0 9
— (z1+2z2+23+) 2(Z2+Z4+Z6+”')>
"y <8z4 * 822 * 824) (6 e 20
1784 82 B (220)*  (222)% 2z (22)* 2z
== 2 e el
8<8z4+6z2+824)< a T Tt )|
Zi=
1
= §(16+4+4+4+4)
=4.

This corresponds to the fact that the pairs (a), (f) and (b), (e) are the only
equivalent necklaces in Figure 3.

Harary and Palmer [6, Theorem 4] provide a formula for the generating
function of the numbers of inequivalent colourings, which I will not present
here for the sake of brevity. In their paper, they also present interesting
applications of their formula to graphical enumeration.

5 Conclusion

Burnside’s lemma states that the number of orbits in a set of functions
under the composition action of a permutation group of the domain equals
the average number of fixed points over the group elements.

Pélya’s theorem builds on this by showing that the number of functions
fixed by a given permutation factors as a product of over its cycles. This
leads to a closed formula for the generating function of the numbers of
inequivalent colourings in terms of the cycle indicator of the permutation
group. Harary and Palmer extend this result to the case where we have both
a finite permutation group of the domain and the codomain. Both theorems
lend themselves to the enumeration, asymptotic, and general analysis of
many combinatorial structures.
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Furthermore, in studying the cycle indicators of symmetric groups, we
discover an interesting formula for their ordinary generating function involv-
ing the exponential function. Further studies (see [11, p. 19]) provide a more
conceptual understanding of this link.
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